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A Study on Circular Disk Resonators on a
Ferrite Substrate
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A bstract — In this paper, an exact analysis of a circular disk resonator on
a magnetized ferrite substrate which can be used for tunable filters and
circular polarizing radiators is presented. The method makes use of Galer-
kin’s method applied in the Hankel transform domain and is quite suitable
for numerical calculation. The calculated values of the resonant frequencies
and unloaded Q’s are shown to be in good agreement with the measured
data and the validity of the present theory is confirmed.

Furthermore, the characteristics of the traveling wave filters are investi-
gated theoretically and experimentally, and their advantages over the
standing wave filters are demonstrated in terms of reflection and sensitivity
of the Q; on the coupling strength.

1. INTRODUCTION

CIRCULAR DISK conductor printed on a dielectric

substrate backed by a ground plane is one of the
fundamental components used in microwave integrated
circuits and also can be operated as an antenna element for
circular polarization in a printed antenna system. Although
this component has been extensively investigated by micro-
wave engineers and antenna engineers, most of these
analyses are approximate treatments based on a modified
cavity model. In such a model, a magnetic wall is assumed
at the edge of the conductor and the radiation pattern is
calculated from magnetic current flowing on this hypothet-
ical magnetic wall [1], [2]. Because these resonators /radia-
tors have two degenerate circulating modes, a careful treat-
ment is required for exitation. Moreover, these resonant
frequencies cannot be changed.

In this paper, a printed conductor on a magnetized
ferrite substrate is studied thoroughly with a view to al-
leviating the above problems. In this proposed structure,
the two modes will be nondegenerate owing to the anisot-
ropy of magnetized ferrite and the resonant frequencies
can be swept by changing the applied magnetic field. The
analysis of these structures presented here is based on the
Hankel transform domain approach [3], which has a num-
ber of attractive features: 1) unlike space domain ap-
proaches in terms of coupled integral equations, the spec-
tral domain approach deals with simple algebraic equa-
tions; 2) no time-consuming inverse-transforms are needed
to obtain the complex resonant frequency and the radia-
tion pattern; 3) numerical processing is quite simple since
we deal only with a small-size matrix eigenvalue problem
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because a certain physical nature of the unknown current
on the disk can be incorporated in the formulation; and 4)
the results for the complex resonant frequency are in a
variational form. Numerical results for complex resonant
frequencies are presented which are found to agree with
measured data. Furthermore, the characteristics of travel-
ing wave filters made of the new structure are investigated
experimentally and their advantages over those of standing
wave filters are demonstrated in terms of reflection and
sensitivity of the loaded Q.

II. HANKEL TRANSFORM DOMAIN ANALYSIS

The structure under investigation is shown in Fig. 1,
which is a circular disk conductor printed on a magnetized
ferrite substrate backed by a ground plane. The dc mag-
netic field is applied in the z-direction perpendicular to the
ground plane. The method of analysis presented here is
based on the Galerkin’s method applied in the Hankel
transform domain [3].

A. General Field Expressions in Magnetized Ferrites

To get general exact expressions for electromagnetic
fields for a magnetized substrate, the conditions that 9 /0z
#0 and H, #0 are needed. Then Maxwell’s equations can
be arranged into the following form:

vV ¥XE, =~ jop.H, (1)
0 .
vI.Et__—.—_a_ZE'z:.]BE‘z (2)
v XM, = joek, ()
_ k3 N

VvV, H,=—weok, y 5z 1 wedE, + jB " H,
(4)
where 0 /9z = — jBis assumed and the time factor exp ( jwrt)

is omitted throughout, and the magnetized ferrite has the
tensor permeability as follows:
p —jk O 1 —jo 0
[w]=|jx w- O |=|jo 1 0
0 0 p 0 0 p/u

From the above equations coupled differential equations
governing F, and H, are derived

(V2—B2+ we)E, =~ jop,oBH, (6)

g (5)
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Fig. 1. A structure of circular disk resonator and the coordinate system
adopted.
" and
et ,
( vi- ,BZT:— + wlp e ) H, = jweofE, (@)

where p, =(p*> —k?)/p. Now E, and H, are written in the
following forms:

{IE;}ej"“’fooo{%}e_jﬁﬂn(dr)ada (8)

z

where E "and HT are functions of a and called Hankel
transforms of E, and H,. Then the equations (6) and N
can be rewritten as follows

( 2+,B2—w,ue)

(a2 +Bz% - wzuze)ﬁz == jucopE, .

(6)
(7)

Substituting (7’) into (6”), 8 will be obtained as a function
of the wavenumber « in the r-direction

= jop,oBH,

B. Matrix Green’s Function in the Hankel Transform Do-
main

From the boundary conditions of the circular disk con-
ductor structure, we can obtain the admittance (or imped-
ance) matrix relating the transformed current on the con-
ductor with the transformed electric field. As the ground
plane is placed at z=0 as shown in Fig. 1, it is readily
shown by (1) and (2) that H, =0 and (3 /9z)E, =0 at z =0.
From these conditions, we can get the relations as follows:

(13)

Thus, substituting (13) into (10) we obtain the field distri-
butions in the ferrite region (0<<z <}) as follows:

Er=E-  Hr=-1;.

EZ‘_ o (@] 5| 08Bz
{Hz}_ej ¢/0 [Ez{—l_’sinﬁlz}
-z
+Hz{_j§ﬁzjz} Jaryada (14

where E, and H, are unknown functions of a to be de-
termined later. On the other hand, in the air region (z > A),
the propagation constant 8’ is given by (15)

B =ywpge,—a’.

The field distributions in the air region is given by

E . 0 éz o )
{I;}Ze}n¢./(.) {ﬁz}eﬂﬁ(z_h).ln(ar)ada. (16)

z

(15)

At the interface of the two regions (z = k), E, is continu-
ous and, hence, v, XE, and v ,-E, also become continu-
ous. Thus, the following equations are easily derived from
these conditions:

2 4
= ooy — & ) I
e R

Finally, the general field expressions in the magnetized
ferrite are given as follows:
},‘317312

, Ny .
Bl ome f 1 B ey ] B
H, o || —JYES JYES

iZH" ,
+{Jg+z }9_1’322 Jn(ar)ada (10)

where

Y=,Blweo/( 2 —i—ﬁ'lzl—lZ —w ep,z)

zZ= Bzéuﬁ/ (o +B7 — wen,). (12)

When ¢ =0, we have Z=Y=0 then the fields can be
decomposed into TM and TE waves.

g2
——) + w sz—w ea’k?/p, . )

z

(1)

~ jopoh, = jop,(YE,sin B,k + H,sin g,h)=E, (17)
jB'é,=B,E,sinBh+p,ZH sinB,h=E,. (18)
On the other hand, there is a jump in H, due to J,

h+0
h—0

=h-+0
VI-JI=—(VZX|H]I)|§:h_O.

In this case, if we express the current density J, in J,=
(4,5 J,), J = can be given as follows:

(19)

(20)

(v, X9),=v H,|5 -

Jo=1 i, 1)
The left-hand sides of (19) and (20) become
(V,XJ,)ZZef”"’fwfeJn(ar)ada (22)
0
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where
L=(J,+J )as2j (23)
and
0
Vg =em ], J,(ar)ada (24)
0
where
Jo=(J, —J_)ay2. (25)

Substituting the boundary conditions and (22) and (24)
into (19) and (20) gives

J,= jB'h, + weo{ E,cos Bh + Z H,cos B, h)

—%{B,?Ezcosﬁlh + B, H,cos B, h} (26)

Jo = jwe{E,cos Bh+ ZH,cos Bk} — jwed,. (27)

These equations derived above can be written in a more
concise form by substituting (17) and (18), and rearranging

the results as follows:
‘fe _ [ Yee YeO
J Y. Yo

Yee = —,8’/qu+

Ee
EO

(28)

where
BZ

wit

cot B,h

(weo—%,&?)

By
Wi,

cotﬁzh]/(ﬁl—ﬁif )
(29a)

—(weoZ—%,Bz)

Y, = [( WET — %,81? ) cot B, h
_'( weoZ — E;T ﬁz) Ycot ,Bzh] /(B —B,YZ) (29b)

Y. E;Z (Bycot Byh = B.cotBih) /(B ~B,YZ)

(29¢)
Yoo = — wey /B’
+ jwe(cot Bih—YZcot Bh) /(B —B,YZ ).
’ (29d)
Now we define E, and £, in the same manner as (23) and
(25)
E,=(E,+E_ )a/2j (30)
and
E,=(E,—E_)ay2. (31)

Substituting (30) and (31) into (28), we obtain the admit-
tance matrix relating the transformed current with the
transformed electric field
Al £,
I3 ~

E_

Y,, Y,
Y., Y__

(32)

149

where
Yo =[Y + Yo+ j(Y0—Y,)] /2 (332)
Y+—:[Yee_Yoo_j(Ye0+Y0e)]/2 (33b)
Yo, =YYt i(Yo+Y.)] /2 (33)
Y =Y, +Y— i(Yo—Y)]/2.  (33d)

The impedance matrix can be obtained by inverting (32).
E. -
E

Iy
J

T,

J

(o)

The impedance matrix given above can be thought of as
a matrix of Green’s function for the structure shown in
Fig. 1.

zZ.. Z__

Y,, Y,_
Y., Y__

C. Characteristic Equation for the Natural Resonant
Frequency by Galerkin’s Method

In this section, the boundary condition on the metal disk
is used to obtain the characteristic equation for the com-
plex resonant frequencies. To this end, we expand the
unknown current distributioris on the disk conductor as

(35)

~ N -~ M ~
Fo=3aii+i3 b0
j=1 =1
and
J_= (36)
J

M=

~ M ~
ady, —J 2 bJy,;
1 J=1
where J:j and Jj , are the known basis functions, and a ;and
b, are expansion coefficients to be determined.

We substitute (35) and (36) into (34) and take inner
products of the resulting equations with all of J *’s. The
right-hand sides become zero by virtue of Parseval’s rela-
tion

fw.fthiada:waJf-Eirdr=o. (37)
0

This is because the boundary conditions at z = h are

']ji

Il

0 (r>a)
E*=0 (r<a).

To avoid divergence of integrals appearing in the char-
acteristic equation, suitable combinations are chosen as
follows:

(38)
(39)

The above equations may be rewritten in a matrix form

P+“Ij .a! :O
P Jb,

——1y

[T B + U B Jada=0
¢}

/0°°{f;,15+ —J B Yada=0.

P++z/

[Pl4)=|,

(40)

—~+i1y
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where
P, g o,
P+ -1y foo ‘irj j(;; Z - j;‘_t" j¢;
- Z,4 . = +~] = =
Py, 0 qu Jrj— Jx; I,
P__ 7 7 _ g+ -
Y Jor Jor
R i
VN —J Ty
+z | " Ylvzo| Y |tede (41)
- J¢ol Jrj - J¢1 Jrj
oo . g
= Jor Iy S Sy

From (40), the determinant of [p] must vanish for a

nontrivial solution to exist. Therefore, the characteristic
equation can be given by
flw)=det[ p]=0 (42)

where w is the natural resonant frequency of the circular
disk resonator with magnetized ferrite substrate backed by
the ground plane. The solution of this equation has a
stationary nature because Galerkin’s method has been used.
In general, the real part of w corresponds to resonant
frequency, whereas the imaginary part of w is a damping
factor due to radiation phenomena.

III. NUMERICAL AND EXPERIMENTAL RESULTS

A. Numerical Results

We take 2 basis functions for each current component as
shown in Appendix I and employ two formulas for tensor
permeability of ferrite shown in Appendix II to calculate
the resonant frequencies, one for the saturated case, and
the other for partially magnetized case. Semi-infinite in-
tegrals in the matrix [P] are truncated at a« =50 for most
cases and Simpson’s formula is used for numerical integra-
tions.

We report here some numerical results on resonant
frequencies and unloaded Q factors when the loss is only
by radiation. In Figs. 2, 3, and 4, the results of this theory
are compared with those by the simple cavity approxima-
tion model as well as experimental data.

The resonant frequencies computed by the full-wave
analysis (Hankel transform domain approach) agree with
the experimental data quite well, because all effects associ-
ated with radiation and leakage are taken into account in
this method, whereas the results based on the cavity ap-
proximation are too high. This is conjectured to be caused
by the fact that the field leakage is not considered in the
cavity model in which the hypothetical magnetic wall is
assumed at the edge of the disk conductor.

Next, let us discuss the unloaded Q factors. When the
external dc magnetic field is applied, a pair of degenerate
modes splits into clockwise and counter-clockwise modes.
If the dc field is applied in the direction in which « has a
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Fig. 2. Comparison with the experimental and calculated results by the
full-wave analysis (including Q) along with a cavity model.
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Fig. 3. Comparison with the experimental and calculated results by the

full-wave analysis (including Q) along with a cavity model.

negative value, the clockwise mode’s energy will be stored
more in the inner side of the resonator than in the counter-
clockwise case. Thus the radiation loss is relatively small in
the case where x has a negative sign.

B. Experimental Results

1} Resonant Frequency: First, we performed the experi-
ments to examine whether or not the resonant frequencies
calculated by the full-wave analysis in Section II agree well
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Fig. 5. A figure of the samples used in experiments.

with measured data. Fig. 5 shows the structure used in our
experiments. The ferrite material has the saturation magne-
tization 47M, =650 G. The dimensions of the structure are
as follows: ferrite thickness #=1.0 mm, radius of circular
disk ¢ =10.1 mm.

It was shown that the resonant frequencies by the full-
wave analysis agreed with the experimental values very well
as illustrated in Fig. 2. Next the measured resonant fre-
quencies for 47M, =1780 G are compared with the calcu-
lated values in Figs. 3 and 4. Our results agree also with the
measured values better than those by the cavity model. In
Fig. 2, we can see that the resonant frequencies calculated
by the cavity model also agree with the measured values
" favorably as long as & /a is small, i.e., the disk resonator is
relatively thin. However, such agreement cannot be ob-
tained for a thick structure as is shown in Fig. 3. On the
other hand, the Hankel transform domain method is be-
lieved to be valid even for thicker cases.

2) Transmission and Reflection Characteristics of the Cir-
cular Disk Resonator: Next, the characteristics of the cir-
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Measured transmission and reflection coefficients for the cir-
cular disk resonator filter on a ferrite substrate.

Fig. 6.

TABLE1I

Q FACTORS AND RELATED QUANTITIES FOR CIRCULAR DISK
RESONATOR ON A FERRITE SUBSTRATE

Tes.

Hout freg. BY
350 Gauss 6.11
{uoward) 4

No Magne-
tizgtion) B-44) 0.26}-33.5

b4 6auSS| ¢ g3l g,20|-43.0

(dounuard.

0, DY
Bidmn] 71 To 1% % [{% ¢

0.9249 [20.37 {39.73] 77.0

0.30] -17.3dB| 0.9269

0.9384 | 0,9383 24,77 |49.33(128.0

0.9556 | 9,9556 {34.65[69.20|141.0

*f-w a: full-wave analysis.

Note: res. freq., BW, | S|, | min, and Q; are measured values. T, Ty,
and Q, are derived from these measured values by (43)-(45).

cular disk resonator filter were investigated experimentally
and theoretically. From the traveling wave filter theory [4],
the following approximate formula can be derived:

S0t |an =T = Ty | /|1 =TT, (43)
L =m(1+T°12) /2 /(1-TT,) (44)
Qo =u/(—InT,) (45)

where T, =exp(— al) and Q;. Q,. T, and « are the loaded
Q factor, the unloaded Q factor, the transmission coeffi-
cient of coupled section, and the attenuation coefficient of
the ring or disk resonator, respectively. If |S,,| ., and Q;
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Fig. 7. Measured transmission and reflection coefficients for the cir-

cular disk resonator filter on a dielectric substrate.

TABLE II

Q FACTORS AND RELATED QUANTITIES FOR A CIRCULAR Disk
RESONATOR ON A DIELECTRIC SUBSTRATE

counling jres. T Q Y Qo by
mnmrlgn freq ' BY |S17!mm T o L 0 fg'l a
No. 1 5521 0.13]-1.2dB | 0.9468 | 0.9131 (31,17 [36.77] 47.0
No.2 5,53 0.13-3.0 0.9736 | 0.9396 {31.00|43.67] 47.0
No.3 5,611 0.24/~11.6 |0.9404 ) 0,9317 23,33 |44.41| 47.9
No.4 5.57] 0.37{-16.4 }0.9097 [ 0.9060 |15.05|31.83| 47.0
No.5 5.58 0.32(-21.2 |0,9140}0.9130|17.44 34,41 47.0

*f-w a: full-wave analysis.

Note: res. freq., BW. |S;;|min, and Q; are measured values. T, Ty, and
Q, are derived from these measured values by (43)—(45).

are measured, Q, can be estimated through the above
equations.

Fig. 6 shows the measured transmission and reflection
coefficients for the circular disk resonator filter mentioned
previously, and Table I depicts the Q factors and related
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Fig. 8. Measured transmission and reflection coefficients for the stand-
g wave resonant filter on a dielectric substrate.

quantities calculated in accordance with (43)—(45). The
theoretical Q’s are also provided by the full-wave analysis
in Figs. 3 and 4. Here, theoretical Q,’s are twice or two
and a half times as large as those derived from the experi-
ments. This can be explained by the fact that the ferrite
material has considerable material loss in the case where it
is partially magnetized. It was clearly shown that if the
external dc magnetic field applied upward, Q, is smaller
than that of the downward case as shown in Figs. 2, 3, and
4.

Furthermore, a circular disk resonator on a dielectric
substrate was measured to confirm the traveling wave filter
theory. Fig. 7 shows the measured transmission and reflec-
tion coefficients for the resonator on the dielectric sub-
strate (e, =2) with a range of coupling conditions, and
Table II shows the @ factors calculated by the same
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Fig. 9. Measured transmission and reflection coefficients for the cir-
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TABLE II1

@ FACTORS AND RELATED QUANTITIES FOR A STANDING WAVE
RESONATOR ON A DIELECTRIC SUBSTRATE

Eonattion] Frea.| s | [12luin 9 %
no.t | S5 009 3248 | 717 103.60
vo.2 | 6.8 013 7.1 49.85 112.88
No.3 | 6.29 0,19 -10.2 33,11 107.13
No.u | 6.22 0.25 -12.4 24,38 193,72
Mo.5 | 5.82 0.34 -17.6 17.13 129,35
No.6 | 5.49 0.73 -20.8 7.4 8111

*e, of dielectric substrate: 2.0.

Note: res. freq., BW, | S|,| min, and @, are measured values. 7, Ty, and
Q, are derived from these measured values by (43)-(45).

methods as above. The Q, by the full-wave analysis is
estimated by [3], which' also presented Hankel Transform
Domain approach of a circular disk conductor printed on a
dielectric substrate. As we can see in Table II, the Q,
obtained by the full-wave analysis agrees with the mea-
sured data relatively well. It is, therefore, proved that the
dielectric materials' have very low material losses (tand ~
10~%) so that the material losses of dielectric substrates
affect the results of Q, far less than that of the case of
ferrite materials. Furthermore, the variations of the loaded
0,0Q;, and the reflection level with the coupling strength
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between external microstrip line and disk resonator are
relatively small.

Next, experiments for a standing wave resonator filter
on a dielectric substrate are performed so as to compare
the characteristics of the two types of resonators. The
results obtained are shown in Fig. 8 and Table III, which
show clearly that the loaded Q becomes smaller gradually
as the coupling increases even though Q, is almost con-
stant. In addition, the reflection level becomes extremely
high in the nearby frequency band as well as at the center
of its resonant frequency. The amount of reflection over
the whole frequency band is also greater when the coupling
is tighter. These characteristics reveal the considerable de-
fects of the standing wave resonator filter. On the other
hand, for the circular disk resonator, the reflection level is
almost constant or varies only slightly at the resonant
frequency or nearby as shown in Figs. 6 and 9. Also, of
much importance, the variations of the loaded Q factors
with coupling in the circular disk resonator were shown to
be small compared with those of a standing wave resona-
tor.

IV. CoNCLUSION

A full-wave analysis of a circular disk printed circuit
resonator or antenna on a magnetized ferrite substrate was
shown based on the spectral (Hankel transform) domain
approach. The method has many attractive features for
numerical analysis. Numerical results for the natural reso-
nant frequencies have shown to be in good agreement with
experimental data. Although only the dominant mode is
studied numerically, the method itself is applicable to
higher order modes as well.

Radiation patterns, for which time consuming inverse
Hankel transformation is not required, can easily be ob-
tained although they have not been measured and calcu-
lated yet. Such work will be carried out in the near future.
The advantages of the traveling wave filters over the stand-
ing wave filters are demonstrated experimentally and theo-
retically. Development of the refined design will be planned.

APPENDIX |

Basis FUNCTIONS AND HANKEL TRANSFORMATIONS
FOR THE CURRENT DISTRIBUTION

Considering the edge condition [5], we chose the follow-
ing basis functions:

Jn(r):’.Z(t—l)(aZ __rz)l/2

J¢,(r)=r2(’_1)(a2 _’,2)—1/2

(i:l,z,...)
(i=1,2,---).

Fortunately, all functions defined above can be analytically
Hankel transformed and these Hankel transforms can be
expressed in terms of elementary functions in the case of
the odd order (n =1,3,---).

The Hankel transformations of the basis functions used
for the dominant mode (n =1) are given below.
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a

. 1 .
Jr= A J L(ar)rdr = ;—2;[2+cosaa —351naa/aa»]

a
Ja =1 I

Jo(ar)rdr= Lz[—cosaa +sinaa /aal
0 : o’a

s :%[ISSinaa/a3a3
a’a

~15cos aa /a*a?

—6 sinaa /aa +cos aa)

1 .
J; = = [—9sinaa /o’a® +9cos aa /o’a?

+4sinaa /aa —cos aa]

——[a—2cosaa — aasinaa]
a’a

J; =sinaa/a

- 1 . .
L= —i—[3smaa/aa—aasmaa—Scosaa]
o

5 1 . .
Jpp = a—2a[—smaa/aa +cosaa + aasinaal.

APPENDIX II

DISPERSION FORMULAS FOR TENSOR PERMEABILITY
OF MAGNETIZED FERRITE

A. In the Case of Saturation

For a ferrite material magnetized to saturation in the
z-direction, the microwave permeability is a tensor of the
form

p —je 0
B=|Jk u 0
0 0 p

where
p=1+w,e, (—w2+w,-2)
Kvawm/(—wz-Fwiz)
pe=1

B. In the Case of Partial Magnetization

It is known that the tensor permeability as shown below
for the partially magnetized state has proposed as experi-
mental formulas empirically fit to experimental data [6]

K=—wy/w

po=3[1-(an /0] +

3/2
U +(1 _l‘o)(wo/“’m) /
o= o
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